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Abstract 

The new concept of quantum reference systems is introduced, and a 
corresponding new foundation of nonrelativistic quantum mechanics 
is given in terms of a set of postulates. The resulting theory gives 
an explanation for the measurement without assuming an a priori 
classical background. Schrodinger's cat paradox and the Einstein- 
Podolsky-Rosen paradox gain resolution, too. It is also shown that, 
despite of the violation of Bell's inequality, quantum mechanics is a 
local theory. 

1 Introduction: the problems 

Quantum mechanics proved to be extremely successful in describing natural 
phenomena at the microscopic (molecular, atomic, subatomic) level. More- 
over, there is no evidence that its validity would be limited when it is applied 
to macroscopic systems. Just oppositely, in several cases it gives excellent 
results in solid state physics and the discrepancies in other cases may be 
attributed to computational difficulties rather than to some limitations of 
the theory itself. Hence there is little doubt concerning the universal validity 
of quantum mechanics, as long as nonrelativistic phenomena are concerned, 
and in the present paper we also insist on this opinion. 
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However, the basic laws of quantum mechanics, especially the superpo- 
sition principle, seem to contradict sharply to the elementary observations 
concerning macroscopic bodies. The observations (and even everyday expe- 
rience) show that macroscopic bodies at a given instant of time have well 
determined coordinates and momenta (up to a minor inaccuracy required by 
the uncertainty relations, which is usually much smaller than the resolution 
of the available experimental techniques). Thus we may assume that macro- 
scopic systems should be quantum mechanically described by such wave func- 
tions which are well localized both in coordinate and in momentum space. 
As an example we may think of a narrow Gaussian wave packet 



decribing the initial state of a point particle of large mass in one dimension. 
Provided that a is much smaller than the characteristic length scale on which 
the potential changes considerably and that - is much smaller than the ex- 
pectation value of the momentum (p), the wave packet is and remains to be 
localized both in momentum and in coordinate space for a long time. Suppose 
now that and ^2 are such localized states of the same macroscopic system, 
and they are macroscopically different, e.g. the distance between the centers 
of mass of the wave functions is one meter. Quantum mechanics, according 
to the superposition principle, would also allow the state a^i + /3\J r 2 to exist, 
where a and f3 are some nonzero complex numbers fulfilling \a\ 2 + \(3\ 2 = 1. 
Such a state, however, cannot be observed. 

Another puzzle can be that wavepackets in quantum mechanics usually 
spread with time, thus after sufficiently long time no localized states could 
be observed. This again contradicts the experience. 

Thinking of Ehrenfest's theorem jj]], one suspects that the answer to both 
questions can be that the initial wave functions have been localized^ and 
as the spread of the wave packets is extremely slow for a free particle of big 
mass (one gramm, say), the age of the universe has not been enough for a 
considerable spreading. But this expectation is wrong! Let alone the question 

localization means here simply that the width of the wave function at the given 
instant of time is small compared to the characteristic classical lengths in coordinate 
representation and is also small compared to the characteristic momentum in momentum 
representation. It has nothing to do with Anderson localization. 




(1) 
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why the initial conditions have been localized, there are situations, when the 
spread of the wave packet is fast even in case of macroscopic systems. 

i, Chaotic systems 

This happens in classically chaotic systems @, where wave packets spread 
exponentially with time in the semiclassical limit, corresponding to the ex- 
ponential separation of nearby classical orbits. Therefore, in case of chaotic 
systems the time needed for a spreading to macroscopically observable sizes 
can be estimated by 

T= h n f£final\ ^ (2) 
\ ^initial ' 

where A stands for the largest Lyapunov exponent (a classical quantity! )|3|], 
while the widths of the wave packet in the initial and in the final state are 
denoted by s in iti a i and Sf ina [, respectively. Obviously, even for, say, Sf '" al = 

^initial 

10 15 the time T remains to be experimentally accessible. Chaotic systems, 
however, seem to be also well localized both in coordinate and in momentum 
space (at any given instant of time). 

ii, Quantum measurements 

Another situation, where the explanation relying on appropriate initial 
conditions fails, is a typical quantum measurement when there are several 
possible outcomes. Suppose, e.g., that the ^-component of the spin (S z ) of a 
spin-half particle P is measured by a suitable measuring device M, e.g. by 
a Stern-Gerlach apparatus. If the state of the particle is an eigenstate of S z 
(| |>) say corresponding to S z = +|), then the measuring device goes over 
into a state |mj > with unit probability. The state \m^ >, describing the 
situation when there is a spot on the upper side of the photograpic plate of 
the device is assumed to fit the experience, i.e., it is well localized both in 
coordinate and in momentum representation. The measurement process in 
this case may be symbolically written as 

| t> | mo > -> I T> K > , (3) 

where \mo > is the state of the measuring device before the measurement 
(no spot on the photographic plate), and — > is a shorthand notation for the 
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unitary time evolution during the measurement, which is assumed to fulfill 
the time dependent Schrodinger equation. If the initial state of the particle 
has been | |> corresponding to S z = — |, then the measurement process will 
be (analogously to Eq.(|3|)) 

| |> \m > -> | l> \m i > . (4) 

Suppose now that the initial state of the particle is not an eigenstate of S z , 
but a superposition of both, a\ |> +[3\ [>. According to the linearity of the 
Schrodinger equation, the measurement process can be written now as 

{ot\ t> +p\ |>)|m >^ |tf >= ot\ t> |m T > +/3\ l> {mi > . (5) 

One can see, that quantum mechanics predicts the final state of the com- 
pound system P + M to be a superposition of two, macroscopically distin- 
guishable states, and this final state occurs with unit probability. In contrast, 
in this situation one would actually observe that the state of the measuring 
device is either |mj > or |mj >, and repeating the measurement under the 
same circumstances (i.e., with the same initial state), these possibilities would 
occur randomly, sometimes the first one (with a probability |«| 2 ), sometimes 
the second one (with a probability \(3\ 2 ). By now it is well known and proven, 
that this randomness cannot be a consequence of neglecting some local hid- 
den parameters ||, M which would allow for a deterministic description at 
a deeper levelf^. Thus, the above contradiction needs an explanation within 
quantum mechanics. Note that the apparent absence of macroscopic super- 
positions is expressed in an extreme form in Schrodinger's cat paradox]?]. 

The problems described above (usually mentioned under the heading 'the 
interpretation of quantum mechanics') has been unsolved for a long time, and 
during the many years a number of different attempts has been made for their 
solution. We apologize for not reviewing most of these. We do so partly be- 
cause of lack of space and partly because the present approach is a completely 
new one. Nevertheless, we shall briefly review the Copenhagen interpreta- 
tion, as this is the best known and most widely accepted interpretation of 
quantum mechanics, and also, because the Einstein-Podolsky-Rosen (EPR) 
paradox relies on this interpretation. 

2 Note that nonlocal hidden parameter theories can be constructed ||, however, in the 
present paper we assume that the principle of locality never breaks down. 
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The relation between the present interpretation and the so called deco- 
herence theories will be discussed, too, as the latter are quite popular today 
and determine the thinking of many experts. The common element is the 
assumption that Schrodinger's equation is universally valid, implying that 
the transition from a pure to a mixed state is a result of the interaction of 
the system with its environment. The difference is that decoherence the- 
ories concentrate mainly on the quantitative description of that transition 
(i.e., on the effective solution of Schrodinger's equation written down for a 
macroscopic system and its environment), while the present interpretation 
concentrates on the meaning of quantum states, especially, on the meaning 
of the above mixed state and on its relation to the experience. 

We shall also mention Everett's interpretation^], as it is based on sim- 
ilar assumptions as our approach (e.g., relativity of the states, universality 
of Schrodinger's equation), and therefore there is a superficial similarity be- 
tween the two approaches. This makes necessary to emphasize the rather fun- 
damental differences, clearly distinguishing thus the present approach from 
Everett's interpretation. The distinction from two further approaches ||1 0|| , |p"T 
will be discussed as well. 

At this point the author feels it appropriate to sketch some general fea- 
tures of his approach, in order to prepare the reader for the coming hard 
trials. The difficulties in understanding will be of conceptual rather than of 
mathematical nature.^ The basic idea (cf. Section 3) itself will be neither 
obvious nor natural, and the related postulates (cf. Section 4) of the the- 
ory will look rather complicated and arbitrary. Although some motivation 
and reasoning will be given beforehand, the actual justification of the whole 
scheme comes a posteriori. It is of worth emphasizing that the correctness of 
a theory is independent of the emotions rised by its strange-looking concepts. 
Instead, the relevant questions are whether 

1. the theory is free from internal contradictions, 

2. its predictions are consistent with experience and 

3. with firmly established physical principles. 



3 The author confesses that he himself has had a very hard time to get used to the new 
concepts, too. 
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As for question 1, the author shall try to convince the reader that in case 
of the present theory the answer is affirmative. Certainly, no rigorous proof 
of that will be given. 

As for question 2, it will be shown that the theory gives the same the- 
oretical predictions concerning the results of measurements as traditional 
quantum mechanics, and in this sense the answer is affirmative. There are, 
however, other aspects as well: if one applies traditional quantum mechan- 
ics to macroscopic systems, one gets results which contradict the experience 
(Schrodinger's cat paradox). In the present theory no such contradiction 
appears. 

Finally, traditional quantum mechanics precludes any explanation of the 
classical properties, these are taken for granted. Our approach does not 
use the concept of a classical background, therefore, if correct, it should 
lead under realistic conditions to the observed macroscopic properties, like 
localization in coordinate and in momentum space. The ultimate reason for 
such a behavior is the interaction of the system with its environment (which 
is another physical system). As the calculation scheme is well defined, the 
theory can be checked in numerical experiments. Whether the prescription of 
the present theory indeed gives a correct result, is not known at the moment 
and is not discussed in this paper. The question of the emergence of classical 
properties has been considered by many other authors, but the results and 
explanations strongly depend on the underlying interpretation. Papers based 
on the Schmidt decomposition [|12[] are relevant from the point of view of our 



approach as well |10|] , [|TT|j , ]T3| , [|14[ . 

Concerning question 3 one may tell that a distinctive feature of the present 
interpretation is that according to it quantum mechanics is consistent with 
the principle of locality.]] This may be surprising to many, as it is widely 
believed that the experimentally proven violation of Bell's inequality im- 
plies that either locality, or realism or inductive inference is violated in Na- 
ture. Nevertheless, there is a fourth, evident-looking assumption made at 
the derivation of Bell's inequality, namely, that if two different states exist, 
they can also be compared, without destroying them. The present interpre- 
tation shows that if two different states individually exist, it means that each 
of them may be checked by a suitable measurement without changing that 

4 This also implies that the present interpretation cannot be considered as a 'rewording' 
of traditional quantum mechanics or of any other previous interpretation. 
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statepl but such a measurement will typically change the other state. There- 
fore, these states, although individually exist, are not comparable. Hence, 
the violation of Bell's inequality implies the invalidity of the above fourth as- 
sumption rather than that of the principle of locality or realism or inductive 
inference. One may claim that the answer to question 3 is positive, too. 
Some other important features of the present theory are the following: 

1. the Schrodinger equation is assumed to be universally valid (if rela- 
tivistic effects are negligible), 

2. measurements are explained in terms of the usual interactions, 

3. there is no 'reduction' or 'collapse' of the wave function, 

4. the new formulation accomodates the indeterministic nature of quan- 
tum mechanics, 

5. all the conclusions can and should be drawn by using exclusively the 
rules of the present theory. Handwaving, intuitive arguments or argu- 
ments borrowed from other interpretations are not appropriate. 

The paper is organized as follows. In Section 2 we briefly review and crit- 
icize the Copenhagen interpretation and in particular the concept of the col- 
lapse of the wave function, aimed at solving the problem of the measurement. 
The motivation for and the essence of the basic new physical assumption of 
the paper is given in Section 3. We introduce here the concept of the quan- 
tum reference systems on which quantum states depend. The differences from 
the above mentioned other interpretations are discussed here, too. The new 
physical assumption gives a 'new freedom' in the theory, and makes necessary 
a development of a new formulation of quantum mechanics giving account of 
the relation among states with respect to different reference systems. This is 
done in Section 4 such a way that all the well established results of quantum 
mechanics remain unchanged. In Section 5 Schrodinger's cat paradox is dis- 
cussed and it is demonstrated that within the present approach the paradox 
disappears. In Section 6 we discuss the Einstein-Podolsky-Rosen paradox 
and show that it gains resolution within the new framework. In Section 7 
the violation of Bell's inequality is analyzed. It is shown that according to 

5 But only one state may be actually checked at the same time! 
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the present approach correlations between measurements done on separate 
particles can be attributed exclusively to a previous interaction ('common 
past') of the particles, thus quantum mechanics is a local theory. In the con- 
cluding Section 8 we summarize the results and discuss some general features 
of our approach like unitary covariance of the formulation and the relation 
of quantum reference systems to the usual ones. A derivation of the so called 
Schmidt canonical form is given in Appendix A. Appendix B discusses the 
relation of the present approach to the Copenhagen interpretation, show- 
ing that the latter corresponds to a special choice of the quantum reference 
system. 

2 Criticism of the traditional (Copenhagen) 
solution of the problem 

Traditionally, one assumes that 'due to the macroscopic nature' of the sys- 
tem P + M the wave function 'collapses' either (with probability \a\ 2 ) to 
| |> \ m i > or (with probability |/5| 2 ) to | |> |mj_ >|Tj|. As is well known, 
using this assumption one may construct a paradox, discovered by Einstein, 
Podolsky and Rosen (EPR in a shorthand notation) [17j . These authors con- 
sidered a situation when two separate particles are described by a correlated 
wave function (i.e., with a sum of product states, instead of a single product 
of the states of the particles), due to some interaction having taken place in 
the past. If a measurement is made on the first particle, and the collapse 
of the wave function of the whole system takes place, then one concludes 
that the state of the second particle becomes a definite wave function, and 
it depends on the kind and result of the measurement, although the second 
particle does not interact with the measuring device, nor with the first par- 
ticle during and after the measurement. The original conclusion drawn by 
EPR was that quantum mechanics did not give a complete description of the 
physical processes. This conclusion, in view of the developments since, espe- 
cially of the failure of local hidden variable theories 0, cannot be accepted. 
The paradox, however, should be somehow resolved. If one wants to main- 
tain the concept of the collapse of the wave function there are essentially two 
possibilities. 
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a. It is well known that the EPR paradox does not imply that quantum 
mechanics contradicts the experiments. It points out the ambiguity of the 
concept of the wave function. If one does not assume that the wave func- 
tion corresponds to some state which actually exists (i.e., which would be 
an 'element of the reality', using EPR's terminology), then no contradiction 
appears. This leads to the only consistent version of the Copenhagen inter- 
pretation: the wave functions have no objective meaning, they are simply 
calculational tools The aim of the theory is the prediction of the corre- 
lations between successive measurements, and the only 'elements of reality' 
are the results of the measurements. 



b. One assumes that the wave functions correspond to some objective 
states of the systems. Then the EPR paradox implies the existence of an 'in- 
stantaneous' interaction, which is faster than the light, violating also causal- 
ity, although it does not appear directly in experiments. 

Experiments actually prove a correlation between separated, noninter- 
acting particles. One would think that this is a consequence of the previous 
interaction ('common past') between them. If, however, one pursues this line, 
some inequalities are found for the joint probabilities of the measurements 
done on the two particles |5|]. As is known, Bell's inequality is not always ful- 
filled by quantum mechanics, moreover, experiments support the quantum 
mechanical prediction |19[. As it has been stressed by d'Espagnatpjf, the 



conclusion would be, as long as one is to assume the existence of some ob- 
jective states (not necessarily described by wave functions)^ that the world 
is 'nonlocal', as separated particles can 'feel' each other. 



The possibility a, although is now widely accepted, does not seem to be 
satisfactory (among others, in quantum cosmology). It is hard to believe that 
quantum mechanics is not a model of the physical world and that the only 
reality is the result of a measurement. One is inclined to reject the collapse 
of the wave function, rather than confine physics to the laboratories. 

As for the possibility b, it does not seem to be acceptable to reject such 
well proven physical principles, like causality and locality. Nevertheless, it is 
less obvious how this problem is related to the collapse of the wave function. 

6 I.e., using the terminology of Rcf . pof , when we have to do with a realistically inter- 
pretable theory. 
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One may think that rejecting the existence of the collapse the original EPR 
argument will not work, but the observed correlations and the violation of 
Bell's inequality remain there and may still imply 'nonlocality'. We shall 
see, however, that the proposal described below solves this difficulty, too, as 
the derivation of Bell's inequality contains a hidden assumption, not allowed 
according to the proposed theory. Thus locality will be restored and the 
observed correlations will be completely attributed to the interaction having 
taken place in the past. 



3 The basic idea of the proposed solution 

In view of the difficulties caused by the collapse of the wave function we reject 
its existence, but keep all the other parts of quantum mechanics (including 
Schrodinger's equation, the expression for the probabilities of the possible 
results of a measurement etc.). Of course, we are then back at the contra- 
diction presented in Section 1: the quantum mechanical prediction is one 
definite state, a superposition of two localized states, but experience corre- 
sponds to one or the other localized state. As a first remark, let us observe 
that experience refers to the state of the measuring device M rather than 
that of the whole system P + MQ, thus we have to compare prediction and 
experience concerning the state of the measuring device. As the measuring 
device is a subsystem having no own wave function one has to use a reduced 
density matrix^j for its description. It is defined by 



Pm = Tt p (\V><V\) , (6) 

where Trp stands for the trace operation in the Hilbert space of the particle 
P. (As the Hilbert space built up of all the possible states of a physical 
system is uniquely related to that system, here and hereafter we use the 
term 'the system's Hilbert space'.) As is known, this object contains all the 
information necessary to predict the probabilities of the possible results of 
any measurement done on the subsystem M. Inserting the expression for 
|* > (cf. Eq.(|)) into Eq.(§) we get 

Pm = \m>i > | ct | 2 < m-|-| + \mi > \(3\ 2 < mjj . (7) 

7 Quite rigorously, experience refers to the content of the mind of an observer pl[ |, and 
what follows will not contradict this view, however, such a rigour which would rise too 
much philosophical questions is not needed here. 
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Comparing it with the experience one can see that the actually observed 
states of the measuring device are just the eigenstates of the reduced density 
matrix p M , and their probabilities to occur are the corresponding eigenvalues. 
Nevertheless, despite of this remarkable finding, we still have the contradic- 
tion: the quantum mechanical prediction is the whole reduced density matrix, 
while only one of its eigenstates is observed. According to our assumptions, 
we accept that the quantum prediction is correct without any modification 
(collapse, e.g.), and, of course, we also accept the experience. In order to 
resolve the apparent contradiction, let us discuss a bit more detail how we 
have got the quantum prediction and what it means. When calculating /3a/, 
we have used the wave function \ty > (cf. Eq.fl^)) of the whole system P + M. 
Traditionally a wave function is conceived as the result of a suitable measure- 
ment (the preparation), thus one can tell that when calculating p M we have 
actually used the information gained from a measurement done on the whole 
system P + M. In contrast, in case of the experience, a 'measurement', i.e., 
an observation is done directly on the system M. Therefore, the reason for 
the difference between prediction and experience is that the information used 
when describing the system M stems from measurements done on different 
systems. Let us call the system which has been measured (it is P + M in the 
first case and M in the second case) the quantum reference system. Using this 
terminology, we may tell that we make a measurement on the quantum ref- 
erence system R, thus we prepare its state \ipn > and using this information 
we calculate the state ps(R) = Tr R \ s \?pR >< i[)r\ of a subsystem S. We shall 
call ps(R) the state of S with respect to R. Obviously Pr(R) = \i/jr >< iI>r\, 
thus \ipR > may be identified with the state of the system R with respect to 
itself. For brevity we shall call this the internal state of R. 

Let us emphasize that up to this point, despite of the new terminology, 
nothing has been added to usual quantum mechanics. 

Let us return now to the question why the state of a system S depends 
on the choice of the quantum reference system R (S C R). It is certainly 
very surprising from the classical point of view that the state of a system is 
found to be different if we measure the system directly or if we measure it 
together with an environment. Nevertheless, in the spirit of the Copenhagen 
interpretation one may tell that this is just because in quantum mechan- 
ics measurements usually change the states, different measurements lead to 
different changes, thus the above mentioned difference may be attributed 
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completely to the different measurements. This argument is, however, 
not compelling. At this decisive point we leave the traditional framework of 
quantum mechanics and make the fundamental assumption that the depen- 
dence of the states on quantum reference systems is an inherent property of 
quantum mechanics and not the result of the disturbance due to measure- 
ments. At the same time it is also assumed that the states exist even in the 
absence of any measurement^. Our assumption means that one and the same 
system A is characterized by a multitude of states pa(-Ri), /U(i?2), each 
referring to a different quantum reference system Ri. As for their physical 
meaning, one can conceive the state pa(R) as the description of the system A 
using the information gained from a suitable measurement performed on R. 
The term 'suitable' means that the measurement does not change the state 
Pr(R) (the state of the quantum reference system with respect to itself), 
otherwise the state Pa{R) changes due to the measurement. Let us draw the 
attention of the reader to a subtle point: although one cannot know a priori 
what such a suitable measurement is, it does not lead to any contradiction if 
we assume the existence of such a measurement. The possibility of nondis- 
turbing measurements is the expression of realism: the states exist whether 
we measure it or not, and in principle they can be learned. 

Note that the above assumption is a radical departure from the conven- 
tional point of view of quantum mechanics. There anything that exists is as- 
sociated with some actual measurement, thus states themselves are thought 
to be created by measurements. Obviously, such an approach excludes from 
the beginning the possibility to describe the measurements in terms of quan- 
tum mechanics, as measurements are treated as primary entities and states 
as the secondary ones. (Even if one considers the measuring device as part of 
the quantum system, a further measuring device and measurement is needed 
to describe the states according to the usual Copenhagen interpretation. 
In contrast, in our approach the primary concepts are the states, and mea- 
surements are derived. As noted above, this is the obvious prerequisite if 
one wants to describe quantum measurements in terms of quantum mechan- 
ics. We shall see that in terms of the states depending on quantum reference 
systems one can actually interpret the measurements independently of classi- 
cal mechanics and can establish quantum mechanics consistently, freely from 

8 Of course, these states are unknown for us in the absence of measurements and usually 
will be changed if this or that measurement is performed. 
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paradoxes. 

Let us summarize the main idea expounded above: 

The dependence of the state of a physical system on quantum reference 
systems is an inherent property of quantum mechanics. Consequently, a state 
with respect to the chosen quantum reference system exists even in the absence 
of measurements, and in principle there exist a suitable measurement which, 
if performed on the quantum reference system in order to determine this state, 
does not disturbe it. 

This conclusion is the essential new physical assumption upon which the 
whole theory presented in this paper is based. Let us discuss it in a bit more 
detail. 

The meaning of the quantum reference systems is rather analogous to 
the classical coordinate systems. Choosing a classical coordinate system 
means that we imagine what we would experience if we were there. Simi- 
larly, choosing a quantum reference system R means that we imagine what 
we would experience if we did a measurement on R that does not disturbe 
Pr(R) = \ipR >< ?Pr\. In order to see that such a measurement exists, con- 
sider an operator A (which acts on the Hilbert space of R) whose eigenstates 
include >. The measurement of A will not disturbe \ipR >. 

Nevertheless, there exist important features of the quantum reference sys- 
tems that are quite unusual from the classical point of view. It is certainly 
not surprising, that a given system can be characterized by a multitude of 
states, each referring to a different quantum reference system. One may 
safely say that all these states exist, just like in case of the classical coordi- 
nate systems all the states with respect to different coordinate systems exist. 
Indeed, in the spirit of Einstein, Podolsky and Rosen we may accept that a 
state f>s(R) is an element of the reality if there exists a suitable nondisturb- 
ing measurement to it. As we have seen, such a measurement always exists. 
The nondisturbing measurement may of course be repeated and one gets the 
same result, as before. Nevertheless, the states defined with respect to differ- 
ent quantum reference systems are not necessarily comparable. What does 
it mean? We explain it on an explicit example. Let us consider three distin- 
guishable spin-half particles, A, B and C. Be R\ = A + B and R2 = B + C. 
Suppose that the system A + B + C is isolated. Denoting the eigenstates of 
spin-component by | f>, I !> and |+ >, |— >, respectively, be 
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the state of A + B + C (considering only the spin degrees of freedom) 

|0 >= a (P\A, T> \B, l> +7*| A, i> \B, |>) \C, + > 

+5 ( 7 |A T> |S, |> -p*\A, i> \B, T>) |C, - > (8) 
= \A, t> \B, [> (a[3\C, + > +5j\C, - >) 
+\A, i> \B, t> (try'lC, + > -<S/F|C, - >) 

with | o; | 2 + |<5| 2 = 1, \/3\ 2 + | 7 | 2 = 1. In order to calculate the states p^i^Ri) 
and pR 2 (R 2 ) one has to calculate the density matrices p A+B (A + B + C) and 
yOB +c (A + £? + C), respectively, and has to find the eigenvectors (cf. Section 4, 
Postulates 4, 6 and Proposition 1). The result is that p^{Ri) is a projector 
corresponding either to the state vector 

|V+ >= r> |> +7IA 1> \B, T> (9) 

or to 

IV- >= tIA T> |s, l> |> |s, t> , (10) 

while f>R 2 (R2) is the projector corresponding either to 

(MW + |5| 2 | 7 | 2 )^ |5, I> (a/3|C, + > +5 7 |C, - >) (11) 

or to 

(|a| 2 | 7 | 2 + \S\ 2 \P\ 2 )~ h \B, t> (a 7 *|C, + > -5(3*\C, - >) . (12) 

Suppose we make a nondisturbing measurement on R\. The dynamics of this 
measurement may be written symbolically as 

\i>± > \ m o >^ \i>± > \ m ± > ■ (13) 

This implies that after the measurement the state of the whole system A + 
B + C + M is given by 

a (0\A, T> \B, l> + 7 *|A, |> \B, t>) \m+ > \C, + > 

+5 ( 7 |A T> |S, |> |> |S, T>) |m_ > |C, - > . (14) 
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Repeating the calculation for pr 2 (R 2 )^ one gets now the result that it is a 
projector corresponding to one of the four state vectors 



\B,i> \C,+ > 
\B,i> \C,-> 
|B,T> \C,+ > 
BA> \C,-> 



(15) 
(16) 
(17) 
(18) 



Comparing these states with Eqs. (|TTD , (|12|) one can see that the measurement 
which did not disturbe pR 1 (Ri), changed Pr 2 (R2)- Therefore, we cannot 
learn both pr^Ri) and Pr 2 (R2) at the same time without changing at least 
one of them, so we cannot compare these states. We can learn only one of 
them, certainly, we may decide, which one. We shall express this surprising 
property by saying that although both p Rl (R 1 ) and pr 2 (R 2 ) exist, they are 
not comparable. It is important to understand, that this property does not 
influence the realism of the theory. Mathematically we may conceive reality 
as a set containing states and sets of states. If a suitable nondisturbing 
measurement existed, so that both pr^Ri) and pr 2 (R 2 ) could be learned at 
the same time without changing them, it would mean that not only p Rl (Ri) 
and pr 2 (R 2 ) as individual states, but also the set containing both states 
would be an element of reality. Certainly if two states are elements of the 
reality, it does not imply automatically that the set of those two states is 
also an element of the reality. It implies only that the set of the two states is 
a subset of reality. Indeed, in the above example both pr x (R\) and Pr 2 {R2) 
are elements of reality as individual states (as there exists for each a suitable 
nondisturbing measurement), but the set of these states is not an element of 
reality, as no corresponding nondisturbing measurement exists. 

It is interesting to note that there exists a classical analogue of the above 
noncomparability, i.e., descriptions with respect to different coordinate sys- 
tems may be noncomparable. It is known that general relativity allows coor- 
dinate systems even inside of a black hole. Consider now two different black 
holes and introduce a coordinate system inside each of them. Probably no 
one doubts the reality of the descriptions with respect to these coordinate 
systems. We may indeed check what we may experience with respect to one 
of these systems. We may freely choose one of the black holes andmay 

9 Note that the state pr^Ri) does not change, as expected. 
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fall into it. Then we see what is inside. However, if we do so we cannot 
come back and thus automatically prevent ourselves from learning the other 
blackhole interior. Therefore, analogously to the quantum case, descrip- 
tions with respect both to the one and to the other black hole interior exist, 
but they cannot be observed simultaneously. Of course, we do not want to 
say that there is any deeper connection between the underlying physics of 
the quantum case and that of the above classical example. Just oppositely, 
the mechanisms leading to noncomparability are completely different in the 
classical and the quantum case. In the quantum nondisturbine mea- 

surement performed on one system changes the state of the other system. In 
contrast, in the classical case performing an observation in one coordinate 
system prevents from performing any observation in the other system. There 
is no disturbance on the other coordinate system at all. 

An important feature of the usual coordinate systems is that properties of 
a given physical system observed from different coordinate frames are unam- 
bigously related, namely, quantum states with respect to different coordinate 
systems are connected via suitable unitary transformations. The concept of 
quantum reference systems is different: usually the relation of states with re- 
spect to different quantum reference systems is not one-to-one: in the above 
example, if the state of M with respect to P + M is /3m, then the state of M 
with respect to M can be either >, or >. It is of worth mentioning 
that this feature expresses the indeterminism of quantum mechanics in our 
approach. Nevertheless, the concept of the usual coordinate frames and that 
of the quantum reference systems are connected: as we shall see, the former 
can be considered a special case of the latter. From the mathematical point 
of view, however, they are rather different: a classical coordinate system is 
a coordinate system in the mathematical sense, while a quantum reference 
system is a Hilbert space. 

We discuss now the (rather fundamental) differences between our ap- 
proach and Everett's interpretation 0. Everett writes about 'relative states' 
of a subsystem, and he defines them with respect to the states of the comple- 
mentary subsystem. In contrast, in our approach the state of a subsystem 
is defined with respect to a system which contains the subsystem to be de- 
scribed. This difference leads to a completely different physical picture in 
the two cases: Everett attributes a physical meaning to the product com- 
ponents of the entangled state of an isolated compound system, all being 
somehow relevant (parallel worlds), while in the present interpretation these 
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components do not have separately any physical meaning, only together, and 
this whole entangled state describes the compound system with respect to 
itself (i.e., the quantum reference system is the compound system). The 
state of a subsystem with respect to this quantum reference system is the 
corresponding reduced density matrix and not some factor of the component 
product states. The problem why we see only one result at each quantum 
measurement when the whole wave function of the universe is still present is 
solved in the present interpretation by the realization that in case of a quan- 
tum measurement the measuring device (or the observer), i.e., a subsystem 
is the relevant quantum reference system. Therefore, the relevant quantum 
reference system is different than before, and there is no logical necessity 
that a one-to-one relationship between the descriptions with respect to these 
different quantum reference systems exists. This remark also shows that the 
present interpretation does not involve the parallel worlds. 

Ideas somewhat similar to ours has been put forward in Ref. |10||, where 
the author writes about Schmidt states as experienced 'subjectively' by the 
observer. The concept of quantum reference systems is, however, not intro- 
duced there, instead, the idea mentioned above is associated with Everett's 
interpretation, which differs markedly from our approach. 



Another similar interpretation is the so called modal interpretation [|Tl 



which states that one of the eigenstates of the reduced density matrix corre- 
sponds to an actually existing property of the subsystem. ('Actually existing' 
here means that in an absolute sense, independently of quantum reference 
systems.) In our approach these states are the states of the subsystem with 
respect to itself, i.e., they are not relevant with respect to other quantum ref- 
erence systems. In Section 7 we argue that the modal interpretation implies 
Bell's inequality, while our approach does not. 

Finally, it is reasonable to discuss the relation of the present approach to 
the so called decoherence theories Jl5|, ]l(J. These latter are quite popular 
today and determine the thinking of many experts. The main idea is that 
the transition of a macroscopic system M from a pure to a mixed state is due 
to the interaction between the system M and its environment E. The effect 
is actually a consequence of the time-dependent Schrodinger equation writ- 
ten down for the closed M + E compound system, i.e., decoherence theories 
assume the universality of the Schrodinger equation, just like the present ap- 
proach. Explicitly, if initially M is in a pure state \tp >, and correspondingly 
the system M + E is in the product state \cp > |£ >, the time dependent 
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Schrodinger equation written down for M + E leads to the unitary time 
evolution 

|0(t)>=exp(-^(|^>|£>) (19) 

where the Hamiltonian H includes the interaction term between M and E. 
Due to this term \<p(t) > ceases to be of product form, instead, it becomes a 
sum of product states, 

I0(t)>=^ ci (t)i^(t)>ie i (t)>, (20) 

j 

where \<fj(t) >-s and |£?(t) >-s are orthonormed sets of states (at any given 
instant of time t). Note that the form (|20|), called Schmidt decomposition (cf. 
Appendix A) does not restrict the generality of the discussion. Calculating 
the reduced density matrix from \<p(t) > for the system M one obtains 

Mt) =X>;(*) > |c,(t)| 2 < ipj(t)\ . (21) 
j 

The transition from a pure to a mixed state is actually a generic property 
of interacting quantum systems (even if they are not macroscopic). We also 
used it already in Eqs.(3)-(7). There the macroscopic system was the mea- 
suring device and the role of the environment was played by the spin-half 
particle. Therefore, up to this point the present approach agrees with that 
of decoherence theories. The difference between the two approaches lies in 
the different questions these theories try to answer. The main achievement 
of decoherence theories is the quantitative description of the transition from 
a pure to a mixed state, i.e., the actual calculation of /3a/ (t) for various, 
more or less realistic models. This is that part of decoherence theories where 
one may speak about a consensus in the literature. Concerning the physical 
meaning of pM(t), i-e., its relation to the experience, no such consensus has 
been achieved. The present approach puts emphasis exactly on that prob- 
lem. It will be shown that the new idea presented in this section leads to a 
consistent set of postulates, which offer in principle an answer to all poten- 
tial problems. The power of this approach will be demonstrated in Sections 
5-7, where Schrodinger's cat paradox and the EPR paradox will be resolved 
and the violation of Bell's inequality will be explained without giving up the 
principle of locality. 
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4 Rules of the new framework 



In this section the new version of the rules of quantum mechanics is formu- 
lated, including the connections between states of a system with respect to 
different reference systems. We shall see that the principle that quantum 
states depend on the quantum reference systems can be incorporated into 
quantum mechanics so as to recover its usual results exactly. 

Let us denote the physical system to be described by A and the reference 
system by R. The state of A with respect to R will be denoted by Pa(R)- 

Postulate 1. The system A to be described is a subsystem of the reference 
system R. 

Note that the reference system may coincide with the system to be de- 
scribed (A — R). In such a case we speak about an internal state. 

Definition 1. Pa(A) is called the internal state of A. 

Postulate 2. The state Pa{R) is a positive definite, Hermitian operator 
with unit trace, acting on the Hilbert space of A. 

Note that the unit trace means that we confine our considerations to nor- 
malizable states, which is not a serious restriction in nonrelativistic quantum 
mechanics. 

Postulate 3. The internal states Pa(A) are always projectors, i.e., Pa(A) = 
\i> A ><^a\- 

In what follows these projectors will be identified with the corresponding 
wave functions \ipA > (as they are uniquely related, apart from a phase 
factor). According to Postulate 2 the internal states are normalized to unity. 

Postulate 4- The state of a system A with respect to the reference system 
R (denoted by pa(R)) is the reduced density matrix of A calculated from the 
internal state of R, i.e. 

p A (R) = Tr R \ A (p R (R)) , (22) 



19 



where R\A stands for the subsystem of R complementer to A. 

One can see that Postulate 4 is consistent with Postulate 2 and Postulate 

3. 

We introduce now the notion of isolated and closed systems. 

Definition 2. An isolated system is such a system that has not been in- 
teracting with the outside world. A closed system is such a system that is 
not interacting with any other system at the given instant of time (but might 
have interacted in the past). 

An isolated system can be described by a wave function, and, moreover, 
this wave function always occurs as a factor in the internal state of any 
broader system. Thus we set 

Postulate 5. If I is an isolated system then its state is independent of the 
reference system R: 

p I (R)=p I (I) . (23) 

In other terms, Postulate 5 means that the state of an isolated system 
has an absolute meaning. This is why it can be related to the internal states 
of its subsystems, as is postulated below. 

Postulate 6. If the reference system R = I is an isolated one then the 
state Pa(I) commutes with the internal state Pa(A). 

This means that the internal state of A coincides with one of the eigen- 
states of Pa(I)- Note that usually there is no one-to-one correspondence 
between states with respect to different reference systems, thus one cannot 
tell (knowing Pa(I)) which eigenstate corresponds to pa(A)). In what fol- 
lows, these eigenstates \<f>A,j > will play an important role. They will be 
identified with the corresponding projector ttaj = \</>aj >< <f>A,j\, and we 
shall call them the possible internal states, as they constitute the set of those 
internal states of A that are compatible with Pa(I)- (Of course, at a given 
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time only one of these states exists with respect to A.) For further reference, 
we set 

Definition 3. The possible internal states are the eigenstates of Pa{I) 
provided that the reference system I is an isolated one. 

It can happen that some of the eigenvalues of Pa{I) coincides. Neverthe- 
less, by requiring the continuity of the possible internal states as a function 
of time (using the usual Hilbert space norm) one can resolve the degeneracy 
(this degeneracy can remain constantly there if A does not interact with other 
systems, but then it is an isolated system and the degenerated eigenvalue is 
zero, which is irrelevant [cf. Postulate 7 below]). Thus the possible internal 
states are practically unambigously defined once pa{I) is known. 

An important property of the possible internal states is given by the 
following statement: 

Proposition 1. If A and B are two disjointed physical systems (i.e., 
they have no common subsystems) with possible internal states \4>aj > and 
|<Abj >; respectively, and the joint system A + B is an isolated one, then the 
internal state of A + B can be written as 

\^A+B >=J2 C j\4>A,j > \<f>Bj > ■ (24) 
3 



Eq.(gJ) is called the Schmidt canonical form[fL3l, for a recent explicit 
application to simple systems see Ref.|14|]. It is straightforward to see that 
the reverse of Proposition 1 is also true, i.e., once Eq. (|24l) holds with some 
orthonormed set of states \<f>A,j > and \<f>B,j > (j = 1,2,3,..) then these 
are the possible internal state of A and B, respectively. As for a proof of 
Proposition 1, see Appendix A. 



Postulate 7. If I is an isolated system, then the probability P(A,j) that the 
eigenstate \4>A,j > of Pa{I) coincides with pa(A) is given by the corresponding 
eigenvalue Xj. 

Due to the normalization of the internal states these eigenvalues add up 
to unity. 
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It is important to emphasize that despite of the probability introduced 
above, it is not possible to classify reference systems having the same internal 
state according to the internal states of their subsystems, as the former state 
exists with respect to the reference system while the latter states exist only 
with respect to the subsystems. It is possible, however, to learn the internal 
states of the subsystems via suitable measurements (a quantity whose oper- 
ator commutes with Pa(I) should be measured), destroying at the same time 
the original internal state of I. Thus, for an observer before the measurement 
the internal state of / is known and the internal state of A is known after- 
wards. Once the former has been recorded, one can speak about the joint 
probability of the internal state of / and that of A. The record, of course, 
presupposes that a third system interacts with /. The probabilities P(A,j) 
in Postulate 7 are equal to those of the various outcomes of the measurement 
mentioned above. In order to establish this connection in terms of the rules 
of the present approach two further postulates are needed. 

Postulate 8. The result of a measurement is contained unambigously in 
the internal state of the measuring device. 

Postulate 9. If A and B are two disjointed physical systems with pos- 
sible internal states \4>A,j > and \4>Bj >, respectively, and both systems are 
contained in the isolated reference system I, then the joint probability that 
\4>A,j > coincides with the internal state of A and at the same time \4>B,k > 
coincides with the internal state of B (j, k = 1, 2, 3, ...) is given by 



As an example let us consider the situation when A + B is an isolated 
system. According to Proposition 1 (cf. Eq. (|2~3|) ) P(A,j,B,k) = \cj\ 2 Sj t k- 

Note that it is important that A and B are disjointed systems (this will 
play an important role when explaining why Bell's inequality does not hold, 

10 This statement corresponds to that made in Section 3. Note that in principle it also 
applies if the experience of a living being is concerned (cf. Schrodinder's cat0 or Wigner's 
friend p3]|). Indeed, the present approach does not distinguish between physical systems, 
they can be either microscopic or macroscopic, or even living beings. 



P(A,j, B, k) = Tr A +B (^A,j^B,kPA+B(I)) 



(25) 



where 
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cf. Section 7), as this ensures that the product tta^b^ is a single projector 
acting on the Hilbert space of A+B, which in turn implies (due to the positive 
definiteness of pa+b(I)) that P(A,j,B,k) is indeed real and nonnegative. 

Due to the completeness of the possible internal states J2k ^A,k = 1 holds, 
therefore ^2 k P(A,j,B,k) = P(A,j), as expected. 

More generally, we can consider the joint probabilities for more than two 
disjointed physical systems. Then we set 

Postulate 10. If there are n disjointed physical systems, denoted by 
Ai,A 2 , -..An, all contained in the isolated reference system I and having the 
possible internal states \<pAi,j >> \4 , A 2 ,j >>•••> > > respectively, then the 

joint probability that \4>A,j t > coincides with the internal state of A^ (i = 
1, ..n) is given by 

P(A 1 ,j 1 ,A 2 ,j2,-,A n ,j n ) 

= Tr Al+ A2+...+A n [^A 1 ,j 1 ^A2,j2---^A n ,j n pA 1 +A 2 +...+A n (I)] , (26) 

where n At , jt = \<j>Aij t >< 0^1- 

Note that n — 1 and n = 2 correspond to Postulate 7 and Postulate 9, 
respectively. 

Let us discuss now the relation of the probabilities P(A, j) and P(A, j, B, k) 
with the measurements. The term 'measurement' means here a usual inter- 
action of the system in question with another system called the measuring 
device. For simplicity it is assumed that the measurement process has two 
special properties (note that this simplification does not lead to any essential 
restriction of the generality of our discussion): 

1. before the measurement the measuring device can be considered an iso- 
lated system 

2. if the initial state of the system is a member of a certain orthonormed 
set of states \ipj > then the product state \<pj > \m > evolves during the 
measurement (according to the time dependent Schrodinger equation) into 
the product state \ipj > \rrij >, where \rrij > (j = 1,2, ..) is an orthonormed 
set of states in the Hilbert space of the measuring device. (Thus we consider 
quantum nondemolition measurements pT|.) 
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As a foregoing general remark let us mention that it is not possible to de- 
rive the concept of the above probabilities directly from the measurements, 
as the interpretation of the latter's results inevitably needs the postulates 
again, where the probabilities are already involved. What we can show is 
that the postulates offer a consistent interpretation of the observed relative 
frequences, in the same way as the mathematical probability theory does, 
and, moreover, we can reproduce all the usual results of the quantum me- 
chanics concerning the probabilities. 

Let us consider first the case when just pa{I) is measured (J is isolated), 
i.e., when the basic dynamics of the measurement process is given by the 
relations 

\4>A,j > {mo >^ \4>A,j > \rrij > , ( j = 1, 2, ..). (27) 

Therefore, using Eq.([24j) with B = I \ A the change of the internal state of 
the isolated system I + M (M standing for the measuring device) is given by 

(^Cjl^Aj > \<f>B,j >j \mo >^ X/'./ ° > Ifej > \rnj > ■ (28) 

Using Postulate 4 and Definition 3 one finds that after the measurement the 
possible internal states of A are still the \4>aj >-s, and the possible internal 
states of the measuring device are the \rrij >-s. Furthermore, Postulate 
7 implies that the probability to get the j-th results (i.e., the probability 
that \rrij > coincides with the internal state of M, cf. Postulate 8) is \cj\ 2 , 
which coincides with the probability P(A,j). Using now Postulate 9 we get 
P(A, j, M, k) = \cj\ 2 8j k, i.e., if the j-th result is obtained at the measurement, 
then the internal state of A is just \4>A,j >• 

Consider now the joint probability P(A,j, B, k) occuring in Postulate 9. 
Suppose that we measure simultaneously pa(I) and Pb{I) by two measuring 
devices, M a and M b , respectively. Let C = I \ (A + B), then the internal 
state of the system A + B + C + M a + M b before the measurement is given 
by 

J2J2Y, c J^i\(pA,j > \m a Q > \<p B ,k > \m b > |0c,/ > , (29) 
j k i 

and after the measurement it is 

^21212 c 3,k,i\(f>A,j > > \<p B ,k > \m\ > \<f> ,i > ■ (30) 

3 k I 
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As a consequence of the orthogonality of the states \m°- > one concludes 
that the possible internal states of A are the \4>A,j >-s, and, due to the 
orthogonality of the states |m| > that the possible internal states of B are 
the \4>B,k > _s - Therefore, using Eq.fl25D we get 

P(A,j,B,k) = ^2\c J , k ,i\ 2 • (31) 
i 

Let us calculate now the possible internal states of the combined measuring 
device M a + M b . They turn out to be the product states |m| > \m\ > 
(j, k = 1, 2, ..), and the probability that they coincide with the internal state 
of M a + M b is 

P(M a + M b ,(j,k)) = J2\c J ,kA 2 (32) 

i 

i.e., it coincides with P(A,j,B,k). Using Postulate 10 with n = 3 we can 
calculate the joint probability P(A,j, B, k, M a + M 6 , (I, m)) to get 

P(A,j,B,k,M a + M b ,(l,m)) =J2\ c j,Ki\%i S k, m . (33) 

l 

Thus we can see that if M a shows the j-th result and M b shows the fc-th 
result, then the internal state of A and B has been being \<pA,j > an d >> 
respectively^. It is a general feature that the simultaneous existence of inter- 
nal states of different systems (which also means that the reference systems 
are different) can be defined and provided with probabilities if all they can be 
brought into correlation with the internal state of the same physical system 
(in the above example this latter has been the combined measuring device), 
i.e., if they become comparable with respect to that physical system. The 
condition for that is that the systems in question are disjointed or they are 
strongly correlated with disjointed systems. As an example we can consider 
the joint probability of the possible internal states of a system A and that 
of one of its subsystems B. As B C A, they are not disjointed, but A is 
strongly correlated with I \ A, where I is an isolated system containing A 
(cf. Proposition 1), i.e., if the internal state of A coincides with the j-th 

11 Strictly speaking, in order to see that the internal states of A and of B have not 
changed during the measurement, we need Postulate 11 concerning the time evolution, see 
later. 
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possible internal state \<pA,j >, then the internal state of I\ A coincides with 
the corresponding possible internal state \4>i\a >■ The systems B and I\A 
are already disjointed. Therefore, P(A, j, B, k) = P(I \ A,j, B, k), the latter 
probability being already well defined according to Postulate 9. Note that it 
can be brought to the form 

P{A,3,B,k)=<<j> B APB(A,j)\<l>B,k> , (34) 

where 

Pb(AJ) = Tr A \ B (\(j) Ad >< cj) Ad \) . (35) 

Let us outline now how the probability P(A, j) can be related to the actual 
relative frequences (this procedure is quite similar to that used in probability 
theory). Suppose that we are given n » 1 identical isolated systems Ij 
(i = 1,2, ...n), all being in the same internal state, except for a translation, 
and each containing the identical subsystems Ai. Let us measure on each Ai 
the quantity pAi(P) (I = h + I 2 + ••• + I n ) using a measuring device Mi, and 
consider the internal state of the combined device Mi + M 2 + ... + M n . Due 
to the independence of the measurements we get the polynomial distribution 
for the probability that k\ devices show the first result, k 2 devices the second 
result etc. This distribution is for n » 1 sharply peaked near the mean 
values hi = nP(A, 1), k 2 = nP(A, 2), .... 

Up to now we discussed rather special measurements in order to demon- 
strate the concepts and their consistency. Let us turn now our attention to 
the question what our approach gives in case of an arbitrary measurement. 
Consider an isolated system / = A + B, and make a measurement on its 
subsystem A. Suppose that the measurement is defined by 

\(fj > \m >— > \<fj > \rrij > , (36) 

where the states \cpj > (j = 1,2,...) are the eigenstates of the measured quan- 
tity, and therefore constitute a complete orthonormed set. Using Eqs. ([24]) 
and ( |3~6|) the change of the internal state of the isolated system A + B + M 
during the measurement can be written as 

Y^ c j\4>A,j > \4>B,j >J \m > 
EE c i < fk\(f>A,j > \(Pk > \ m k > \<t>B,j > ■ (37) 

j k 
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Using our postulates, it is easy to show that the possible internal states of 
M are the |m& >-s with the probability 

P(M,k) = J2j \ c j\ 2 \ < Pkl&Aj > | 2 — < fklPA^lfk > to coincide with 
the internal state of M, which is exactly the same what we get in the usual 
formulation of quantum mechanics for the occurence of the k-th result of the 
measurement. 

Let us consider now the time evolution of the states. In case of closed 
systems the usual unitary time evolution is assumed, i.e., 

Postulate 11. The internal state \ipc > of a closed system C satisfies the 
time dependent Schrddinger equation 



Here H stands for the Hamiltonian. 

As for the time evolution of the internal states of non-closed systems, 
it can be defined if the initial and the final states can be compared, i.e., if 
the initial state has been 'recorded' (via suitable interaction with some other 
system) in order to make it comparable with the final state (they can be 
compared only if they are related to the internal state of the same system at 
the same time, cf. the discussion of the joint probabilities above). 

To be more explicit, consider a system A and assume that its initial in- 
ternal state (at time 0) has been determined via the measurement of Pa{I), 
where I is an isolated reference system (cf. Eq.(pgp). Suppose now that 
the measuring device M has not interacted with any systems after this mea- 
surement. Actually it is of no importance whether M interacted with other 
systems or not, if yes, we can consider their union with M. The important 
assumption is that M has not interacted with A after the first measurement. 
Therefore, the internal state \ipM{t) > evolves unitarily according to Postu- 
late 11, and it is uniquely related even at a later time t to the initial internal 
state |Vu(0) > °f A. Therefore, the joint probability P t (A, (k\j)) that the 
internal state of A coincides at time with its j'-th possible internal state 
\(f)A,j{0) > and it coincides at time t with its fc-th possible internal state 
\<f>A,k(t) > is given by 



ihd t \ip c >= H\ij c > 



(38) 



P t (A,(k\j)) = P(M,j,A,k)(t) 



(39) 



thus, it is expressed through a joint probability of type (p5|). 
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5 Resolution of Schrodinger's cat paradox 



5.1 The paradox within the framework of the Copen- 
hagen interpretation 

The well known thought experiment contains a radioactive nucleus, whose 
decay triggers through a detector a device which breaks a poison capsule, 
letting some poisonous gas out, and thus killing a cat. At a given instant of 
time the state of the nucleus is a superposition of a decayed and a nonde- 
cayed state, therefore, due to the linearity of the time dependent Schrodinger 
equation the state of the whole system is given by 

a\+ > \d+ > \d> +(3\— > \d- > \a > , (40) 

where |+ > and |— > stand for the decayed and nondecayed state of the 
nucleus, respectively, \d + > and \d_ > describe the corresponding states of 
the detector+device+poison system, finally, \d > and \a > stand for the dead 
and the alive state of the cat, respectively If one looks at the cat, according 
to the Copenhagen interpretation the collapse of the wave function takes 
place, and one finds either that the cat is dead or that it is living. Before 
looking at it, however, Eq. (f40"D should hold, which contains both the living 
and the dead states, so one should conclude that the cat is neither living nor 
dead, until someone looks at it. This unphysical conclusion is the paradox. 
We formulate it now in somewhat different form. Physically we expect that 
the cat is either living or dead. Therefore, even if noone looks at it, its state 
must be either \a > or \d >. In contrast, if one calculates the state of the 
cat, i.e., its reduced density matrix, it is 

p c = \d > \a\ 2 < d\ + \a> \/3\ 2 < a\ , (41) 

which contains both states. One may make the contradiction even sharper, 
if an observer is also included (here we assume the universal applicability of 
the quantum mechanical description). Denoting the state of the observer by 
| > if he finds the cat dead and by \o a > if he finds it alive, the state of 
the whole system will be 

a|+ > \d + > \d > \o d > +/3|- > |eL > \a > \o a > , (42) 

and the state of the observer is 

Po = \od > \a\ 2 < o d \ + \o a > \/3\ 2 < o a \ . (43) 
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There is no doubt that in this situation the observer would experience some- 
thing definite, i.e., its state must be either \o a > or \od >■ This contradicts 
Eq.fllBD, therefore one may say that the quantum mechanical prediction in 
this situation contradicts the experience. 



5.2 Resolution of the paradox according to the present 
approach 

Our approach specifies what corresponds to the experience of the cat or that 
of the observer (cf. Postulate 8 and the footnote there): it is the internal 
state of the cat or that of the observer. Applying Postulate 6, the internal 
state of the cat can be \a > or \d >, and the internal state of the observer 
can be \o a > or >. This theoretical prediction is in complete agreement 
with the actual experience, therefore, according to the present approach no 
paradox appears. 

Note that Postulate 9 implies that if the cat's internal state is \d > (|a >), 
then the observer's internal state is \od> (\o a >) as physically expected. 



6 Resolution of the EPR paradox 

6.1 A review of the paradox within the framework of 
the Copenhagen interpretation 

Let us review briefly the EPR paradox first within the framework of the 
Copenhagen interpretation |T7[. For simplicity, the paradox will be discussed 



in the case of a spin system pjfl. Consider a system consisting of two different 



spin-half fermions, which have interacted in the past but which do not inter- 
act any longer. Let us concentrate on the spin degrees of freedom. Suppose 
that the initial state of this two particle system is given by 

o|l,T> |2J>-6|U> |2,T> , (44) 

where a and b are complex numbers, satisfying 

|a| 2 +|6| 2 = l . (45) 

The notation |1, f> stands for such a state of the first particle, where the z 
component of the spin (denoted by S\ z ) has the definite value +~. The other 



29 



notations have an analogous meaning. Consider now what happens if one 
performs a measurement on the first particle. Let us consider the situation 
when one measures Sw, where the z' axis is obtained from the z axis by a 
rotation at an angle 5 around the x axis. Note that in this section all the 
rotations will be given relative to the first (unprimed) coordinate system. 
This coordinate system will be called the original one. The initial state of 
the whole system (including the measuring device) is given by 

|m >(a|l,T>|2,|>-5|U>|2,T>) , (46) 

where |m > stands for the initial state of the measuring device. The time 
evolution during the measurement can be established by using the relations 



1 77lo > |M, f>-> | m+ > \1,5, T> (47) 
|m > \1,5, J>-> |m_ > \1,5, |> , (48) 



|l,5,T>=cosf^|l,T>-sinf^|l,l> , (49) 



and 



where 



and 

|l,<U>=sin^ |l,T>+cos^ |l,j> . (50) 
Thus the final state of the whole system is 

|m+> |1,5,T> (a cos (^j \2,i>+b sin (^j |2, |>) 

+|m_ > \l,8,i> ( asin (^) l 2 'i> - fecos (^) l 2 '^>) • ^ 51 ) 

According to the Copenhagen interpretation, the wave function collapses and 
thus, if Si tZ > = +t| has been measured, the second particle will have the wave 
function 

(|a| 2 cos 2 (i\ + |6| 2 sin 2 UVj 5 (a cos (i\ |2,|> +b sin |2, T >) (52) 
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which is the eigenfunction of the S^y spin component corresponding to the 
eigenvalue — \. Here z" stands for the z axis of a new coordinate system 
obtained from the original one by a rotation with the Eulerian angles a, f3, 7 
given by 

,. . ab 

exp{ta) = — — , (53) 
\ab\ 



b/a 

exp(-< 7 ) = w . (55) 

Similarly, if Si ;2 / = — | has been measured, the wave function of the second 
particle will be 

(l«| 2 sin 2 (T) + |6| 2 cos 2 (0) 2 (a sin |2,|> -b cos ^ |2, T >) (56) 

which is the eigenfunction of the S2,z"' s P m component corresponding to the 
eigenvalue +|. Here z'" stands for the z axis of another coordinate system 
obtained from the original one by a rotation with the Eulerian angles a', (3', 7' 
given by 

exp(— ia') = -j— -7 , (57) 

CLU 



tan (f) = W t<m (5) ' (58) 



exp(n')^ . (59) 

Summing up, having performed the measurement of Si jZ >, if the result is 
Si !Z i = +|, one can predict for sure that S2, Z " = — |, and if the result is 
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Si tZ i = — |, then one can predict for sure that S2 }Z '" = +§. Obviously, the 
second particle has not been disturbed in any way According to the EPR 
argument, if the value of a quantity can be predicted without disturbing 
the corresponding system, then there must exist an element of the physical 
reality that corresponds to this quantity. 

Therefore, either 5*2,2" or S^y is an element of the reality. But these 
quantities depend on the measurement done on the first particle, as they 
depend on 5. One expects that 

STATEMENT I. the elements of the reality attached to the second particle 
are independent of what have happened with the first particle, as they are 
separated and do not interact. 

Therefore, it does not matter that one can perform on the first particle only 
one measurement at the same time (cf. the next to last paragraph in ||17|| ). 



Either or S^z'" must be an element of the physical reality for any S- 
value. 

We may set different values for 5, say 

a, 5 = 
and 

b, 5 = -d ± 0. 

In the first case, z" and z'" coincide with the z axis. Thus we see that either 
S2, z and S2, z " or Sz tZ and S^"' are elements of the reality at the same time 
(here z" and z'" correspond to S — 

On the other hand, S>2,z commutes neither with S2 )Z ", nor with S^,*"' 
(except for some special values of $ that are not of interest now) that implies 
that these quantities can be elements of the reality at the same time only if 
STATEMENT II. the quantum mechanical description is incomplete. 
(cf. the alternatives (1) and (2) in [17|.) As has been shown, STATEMENT 
I. implies STATEMENT II.. 

The first statement is usually identified with the requirement of the local- 
ity. Therefore, Einstein, Podolsky and Rosen accept that it is true, thus they 
conclude that STATEMENT II. is also true, i.e., the quantum mechanical 
description is incomplete. 

Sometimes people reject STATEMENT II. and therefore reject STATE- 
MENT I. as well, saying that according to quantum mechanics, Nature is 



nonlocal |E0 
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6.2 Solution of the paradox according to the present 
approach 

Let us consider now what the present approach says. This time we have to 
consider an isolated system (otherwise most of our postulates do not work), 
therefore we include the preparation process which prepares the state (fPf). 
The macroscopic preparation device M p and the two particle system Pi + P 2 
together are assumed to constitute initially an isolated system 12 . The initial 
internal state of the system M p + Pi + P 2 evolves unitarily (according to the 
time dependent Schrodinger equation) to an entangled state which can be 
written, using the Schmidt canonical form ( f24|) as 

\n,l,2>=J2 c j\H > 1^(1,2) > +a\fip > \i/> p > (60) 
j 

Here \ip p > stands for the prepared state (pBD, the states \ipj (1,2) > are 
orthogonal to it and together constitute an orthonormed set of states. Note 
that the preparation device is constructed such a manner (mathematically, 
its Hamiltonian has such a form) that the state \ip p > will be practically the 
same, while all the other states and coefficients may vary from one prepa- 
ration process to the other, corresponding to the different initial conditions. 
The states >, \n P > of the preparation device also constitute an or- 
thonormed set of states. It is important to note that the coordinate de- 
pendence of the state \if) p > (that is suppressed in Eq. fl44[) ) is such that 
it describes the two particle system entering the apparatus where the mea- 
surement will be done. In contrast, the states 1^(1,2) > describe the two 
particle system when it does not enter the apparatus. This implies mathe- 
matically that the dynamics of the measurement done on the first particle 
(cf. Eqs. fl47|) , (|48l)) should be completed by the rule 

|m > |^(1, 2) >^ \m > h#(l, 2) > . (61) 

Therefore, the state of the isolated system M p + P 1 + P 2 + M after the 
measurement can be written as 

\fj,, 1, 2, TO >= |to > (j^CjlpLj > |^(1,2) >\ 

12 We may include in M p even that part of the environment which interacts with the 
actual preparation device. 
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+a 



\m+ > \pL p >\1,S, T> U cos f - J |2, |> +6 sin f - J |2, t> 



(62) 



+ |m_ > |/ip > |1, <J, |> fa sin f - J |2, |> -6 cos f - J |2, f> 



According to the rules given in the previous Section (see Postulate 4 and 
Definition 3), the possible internal states of the two particle system are 



1^(1, 2) >, 



(63) 



H 2 cos 2 ^+|6| 2 sin 2 ^) 5 
x|l, 5, t> fa cos I 5 -) |2, [> +b sin J |2, |> 



(64) 



and 



|a| 2 sin 2 ^J+|6| 2 cos 2 (0j " 
x|l, 6, l> la sin I - j |2, |> -6 cos f - J |2, |> 



(65) 



The states ( |63"D correspond to the case when the preparation was not suc- 
cessful and the first particle did not interact with the measuring device M. 
Certainly, this case is of no interest for us, and we shall concentrate on the 
states flBip, (|B"5]). Choosing the reference system R to be the two particle 
system P 1 + P 2 , we get that the state of the second particle with respect to 
the two particle system is 



p P2 (P 1 + P 2 ) = |£x£l 



(66) 



where 



|e>= (H 2 cos 2 ^j+|6| 2 sin 2 (jjj 
x fa cos f -J |2,|>+6 sinf-J |2,t> 



(67) 
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if the internal state of the two particle system coincides with Eq.fl6"4|) and it 
is 




x (a sin |2, |> -b cos |2, |>) , (68) 

if the internal state of the two particle system coincides with Eq.(p5|). Com- 
paring Eqs. (|67|) , (|68|) with Eqs.(^), ([56"D, respectively, we see that the state 
of the second particle which was derived using the assumption of the collapse 
of the wave function is actually pp 2 {P\ + P2). For a more general derivation 
of this result see Appendix B. 

In the present approach the states (which depend on the quantum ref- 
erence systems) represent the elements of the reality^- The correspondence 
with the earlier discussion is clear: S^y is said to be an element of the reality 
if |£ > (cf. Eq.(|66|)) is an eigenstate of S^". The paradox can be formulated 
now that if one rejects STATEMENT II., then one has to reject STATE- 
MENT I. as well, i.e., the state pp 2 {P\ + P2) representing an element of the 
reality attached to the second particle depends on the measurement done on 
the first particle. But this state describes P2 with respect to the quantum 
reference system Pi + Pi- Therefore we conclude as follows: 

The dependence of the state pp 2 {P\ + P2) on the measurement done on 
the first particle is attributed now to the disturbance of the quantum reference 
system Pi + P2 rather than to any nonlocal influence on the second particle. 

Hence, one can see that in the present approach STATEMENT I. is not 
necessarily implied by locality. What locality actually implies is that the 
internal state pp 2 {P2) of the second particle must be independent of the mea- 
surement done on the first particle, as in this case neither the system to be 
described, nor the quantum reference system is influenced by the measure- 
ment. 



13 Note that from this point of view the EPR criterion concerning the elements of the 
reality is only a sufficient one. 
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Let us show now that it is fulfilled. (As we have already postulated 
the unitary time evolution of the internal states of closed systems, here we 
actually check the consistency of the postulates.) The arguments become 
more transparent if we consider more generally the question whether the 
internal state of a system A = P 2 is influenced by the interaction of another, 
separated system B = Pi with a further separated system C = M, assuming 
that A and B have interacted before, while A and C not. The composed 
system A + B + C is assumed to be an isolated one. Under these assumptions 
the internal state of the system A + B + C can be written as 

\^a+b+c > (0) = {^Cj^aj > \(f>B,j >j \^c > • (69) 

As before, \<pA,j > and \4>bj > stand for the possible internal states of A and 
of B, respectively, while \ipc > is the internal state of C (it is still isolated). 
According to the assumptions, the time evolution operator Ut factorizes as 

U t = U t (A)U t (B + C) , (70) 

where the arguments correspond to the systems whose Hilbert space is acted 
upon by the operators. Therefore, 

Hja+b+c > (t) =J2 c j {UMMaj >) (u t (B + C)\4> Bd > |Vc >) • (71) 

j 

As U t (A)\(j)A,j > and U t (B + C)\(pBj > \<Pc > (j = 1,2,...) constitute or- 
thonormed set of states in the Hilbert space of A and of B + C, respectively 
fj, they are the possible internal states of A and of B + C, respectively, ac- 
cording to the reverse of Proposition 1. Thus we see that the possible internal 
states of A are independent of the interaction of B and C . According to Pos- 
tulate 11 the actual internal state of A is independent of it, too. We get the 
same result if we apply Eq.(^) with the replacement M = B + C. Hence, 
we can say that quantum mechanics fulfilles any reasonable requirement of 
locality. 

14 For t = it follows by assumption, and for later times it is due to the unitarity of the 
time evolution operators U t (A), Ut(B + C). 
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7 Violation of Bell's inequality 



We discuss now the question of the violation of Bell's inequality ||. As a 
brief reminder, let us think again of two spin-half particles in an entangled 
state, which is due to some previous interaction between them. Suppose that 
the particles are already separated so much that they can no longer interact 
with each other. Imagine that we perform spin measurements in different di- 
rections on each of the two separated particles. It is natural to assume that 
any correlation between the results of the measurements performed on the 
different particles can come only from the previous interaction which created 
the entangled state. One may also assume that there are some stable proper- 
ties attached to each system, so that these properties 'store' the correlation 
after the systems have become separated. Using these assumptions one may 
derive that the correlations cannot be arbitrary but must satisfy a certain 
inequality, namely q] 

P(a+,/3+) < P(a+, 7 +) + P( 7 +,/?+) . (72) 

This is Bell's inequality. The correlations may be calculated quantum me- 
chanically, and the quantum prediction does not always satisfy Bell's inequal- 
ity. Correlations are measurable quantities, and experiments have proved 



the correctness of the quantum prediction and thus the violation of Bell's 
inequality. 

Most people seem to believe that the above result implies that separated 
systems can influence each other ('nonlocality'). This belief is based on the 
careful analysis of the above sketched derivation of Bell's inequality. It turns 
out that this derivation is completely independent of quantum mechanics, 
and it is based on a few very fundamental assumptions |]26|] , [BO]: realism, in- 



ductive inference and Einstein separability. Realism and inductive inference 
are so important in physics that we certainly do not want to give up them. 
The usual conclusion is that Einstein separability is violated. 

Nevertheless, we maintain that such a conclusion is physically unaccept- 
able. The principle of Einstein separability has served us well in every branch 
of physics, even in quantum physics (apart from the measurement process), 

15 Here P(a+, /?+) stands for the probability that measuring the spin of the first particle 
along a direction at an angle a compared to the z axis, the result is +h and at the same 
time measuring the spin of the second particle along a direction at an angle (3 compared 
to the z axis, the result is +4. 
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including the most sophisticated quantum field theories. The only way out 
can be if there is some further, independent and hidden assumption, which 
seems to us obvious, but which is not valid in quantum mechanics. Then the 
violation of Bell's inequality implies the invalidity of this assumption rather 
than that of Einstein separability or locality. 

In this section we show that it is indeed the case. The hidden, not allowed 
assumption mentioned above is connected to the fact that in the present 
theory it may happen that different states (corresponding to different quan- 
tum reference systems), although individually exist, cannot be compared (cf. 
Section 3). In case of the violation of Bell's inequality it turns out that 
the states of the measuring devices and those which 'store' the correlations 
are not comparable as any attempt for a comparison changes the correlations 
themselves. Therefore, the usual picture about stable properties which 'store' 
the correlations and are comparable in principle at any time with anything 
does not apply, although the correlations may be attributed exclusively to 
the 'common past' (previous interaction) of the particles. 

We discuss now quantitatively the situation mentioned above, i.e., when 
measurements on both particles are performed. Before the measurements the 
internal state of the isolated system Pi + Mi + P 2 + M 2 (Pi, P 2 standing for 
the particles and Mi, M2 for the measuring devices, respectively) is given by 

E c ^l<M,i > >j > l4 2) > , (73) 

while it is 

J2 cfit{ p i + M i) (l<M,i > >) U t {P 2 + M 2 ) > |mj 2) >) , (74) 

3 

with a time t later, i.e. during and after the measurements. In Eqs.(|73|), ([74]) 
the general notation have been used in order to exhibit the mathematical 
structure. Evidently, j can take on the value 1 and 2, c\ = a, c 2 = —b 
(|a| 2 + \b\ 2 = 1) and 

\(j> Pl> i >= |1,T> 
|<M,2 >= |l,l> 

|0p 2 ,i>=|2,|> (75) 
|0P 2 , 2 >= |2,t> . 
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According to Eq.([7|) Pi + Mi and P 2 + M 2 are closed systems, their 
internal states evolve unitarily and do not influence each other. This time 
evolution can be derived from the relations 

\i{P i ,j)>\mf>^\i{P h j)>\mf> , (76) 

where i, j = 1,2 and |£(P, j) > is the j-th eigenstate of the spin measured on 
the i-th particle along an axis which closes an angle ^ with the original 
z direction. Denoting the internal state of Pi by \ipp. >, we get 

\j> Pi > \mf > - £ < ^jMp, > U p uj) > \™f > ■ (77) 
j 

As we see, the i-th measurement process is completely determined by the 
initial internal state of the particle Pi. Therefore, any correlation between 
the measurements may only stem from the initial correlation of the internal 
states of the particles. 

Using Eq.(^) the final state Q7l|) may be written as 

£(E C *< aPi,j)\M,i >< £(^2, fc)|<K, >) 

j,k \ I ) 

x\mf > |mi 2) > \C(Px,j) > \aP2,k) > . (78) 

According to Postulate 6 and Definition 3 the possible internal states of M\ 
and M 2 are the \rrij >-s and the >-s, respectively. 

The probability to observe the j-th result (up or down spin in a cho- 
sen direction) in the i-th measurement (i = 1, 2) is P(Mi, j) = J2i \ c i\ 2 \ < 
£(Pj, j)\(pp lt i > | 2 . This may be interpreted in conventional terms: |q| 2 is the 
probability that \ijjp. >= \<f>p u i >, and | < £(Pj, j)\<fip i; i > \ 2 is the conditional 
probability that one gets the j-th result if \ipp i >= \<j)p u i >■ Thus we see that 
the initial internal state of Pj determines the outcome of the i-th measure- 
ment in the usual probabilistic sense. But doesn't it mean that the internal 
states of Pi and P 2 play the role of local hidden variables? No, because hidden 
variables are thought to be comparable with the results of the measurements 
so that their joint probability may be defined, while in our theory there is no 
way to define the joint probability P(Pi, 1%, P%, I2, (0); Mi, j, M 2 , k, (t)), i.e., 
the probability that initially \tp Pl >= \4>Pi,h > an d \^p 2 >— \ ( Pp2M > an d 
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finally \ipM x >= \mj > and | < 0M 2 >— >• Intuitively we would write 
P(P 1 ,h,P 2 ,l 2 ,(0);M 1 ,j,M 2 ,k,(t)) 

= K\ 2 S h , h \ < Z(Puj)\<PPuh > Tl < £(^2, k)\<j> P2 , l2 > | 2 , (79) 

as IqJ 2 ^^ is the joint probability that \ipp 1 >= \(j>p lt i > and \ipp 2 >= 
\4>p 2 ,i >, and | < £(Pi, j)\4>p i} ii > | 2 is the conditional probability that one gets 
the j-th result in the z-th measurement if initially \ipp i >= {(pp^^ > (i = 1, 2). 
Certainly the existence of such a joint probability would immediately imply 
the validity of Bell's inequality, thus it is absolutely important to understand 
why this probability does not exist. Here we mention that the so called 
modal interpretation [Tl|, which is equivalent with assuming the existence of 
the internal state of the subsystem in an absolute sense (i.e., independently 
of quantum reference systems) would lead to Bell's inequality. Indeed, the 
absolute existence of the the initial internal states of Pi and of P 2 would 
mean that initially the particle pairs can be conceived as if they were sorted 
according to the internal state of Pi and of P 2 , and in each case one can 
consider the measurements as done independently (due to their separation) 
on the corresponding internal state, that implies Eq. (|79|) . 

Returning to our approach, let us remark, first of all, that using Postulate 
9, we may calculate the correlation between the measurements, i.e., the joint 
probability that \^Mi >— \ m ^P > an d |V , m 2 >= l m i 2 ' ) >• We obtain 



P{M u j,M 2 ,k) 



5> < aPi,j)\<t>Pui >< aP2,k)\<i>p 2 ,i > 
i 



(80) 



This is the usual quantum mechanical expression which violates Bell's in- 
equality and whose correctness is experimentally proven. Thus our theory 
gives the correct expression for the correlation. Nevertheless, if the joint 
probability ( |79|) exists, it leads to 



P(M 1 ,j,M 2 ,fc) = £|q| 2 | < aPi,j)\<PPui > H < £(P2,k)\M,i > I 2 (81) 
i 



which satisfies Bell's inequality and contradicts Eq . (p0|) . 

Let us demonstrate that no such contradiction appears. Evidently, the 
joint probability P(Pi, h, P 2 , l 2 , (0); M\,j, M 2 , k, (t)) can be physically mean- 
ingful only if one can compare the initial internal states of P\ and P 2 with the 
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final internal states of Mi and M 2 by suitable nondisturbing measurements. 
If we try to compare the initial internal states of Pi and of P 2 with the final 
internal states of Mi and M 2 , the first difficulty appears because we want to 
compare states given at different times. Nevertheless, as the initial internal 
state of Pi is uniquely related to the final internal state of the system Pj + Mj, 
the joint probability P(Pi, h, P2, h, (0); Mi,j, M 2 , k, (t)) (if exists) coincides 
with P(Pi + M 1 , li, P 2 + M 2 , 12, Mi,j, M 2 , k), where all the occuring states are 
given after the measurements. As the systems Pi + Mi, P 2 + M 2 , Mi, M 2 
are not disjointed, our Postulates do not provide us with an expression for 
the joint probability we are seeking for. If we check \ipM 1 > and \ipM 2 > by 
suitable nondisturbing measurements, we destroy I^Pi+Mi > an d \ipp 2+ M 2 >> 
inhibiting any comparison. On the other hand, if we check first |?/>p 1+ Mi > 
and \ipp 2+ M 2 >, then P(M 1 , j, M 2 , k) changes. In fact, after suitable mea- 
surements performed on Pj + Mj (which do not change the internal states of 
Pi + Mj) by further measuring devices Mi we get for the internal state of the 
whole system 

$> |£ < aPiJ)\<f>Pui > \£{PiJ) > \™f > 

1 V i 

x (E < Z( p 2, k)\<j>P 2 ,i > \Z(P 2 , k) > Imf >^ |mS 1} > |m{ 2) > . (82) 

This is exactly the same expression as that we would get if the initial internal 
states of Pi and P 2 were recorded by Mi and M 2 , respectively. As the systems 
Mi, M 2 , Mi, M 2 are disjointed, we may apply Postulate 10 for n = 4 and 
we indeed get for P(Ml, /1, M 2 , l 2 , Mi, j, M 2 , k) the expression (|79|). Do we 
get then a contradiction with Eq. (|80|) ? No, because applying Postulate 9 
directly, we get in this case Eq.(^l|) instead of Eq.(^). Thus we see that 
the extra measurements have changed the correlations and our theory gives 
account of this effect consistently. 

Note that the extra measurements have not changed the internal state 
of Pi and of P 2 , nor have they modified the time evolution of the internal 
state of Pi + Mi and of P 2 + M 2 during the other two measurements. They 
have, however, changed the correlation between the measurements. It may 
seem misterious how this can be, once the measurements themselves have not 
changed. The explanation is again connected to the dependence of the states 
on the quantum reference systems. Considering, say, the time evolution of the 
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internal state of Pi + Mi during the first measurement (using Mi), the quan- 
tum reference system is P\ + Mi, whose internal state has been the same ini- 
tially as before. The probability distribution P(Mi,j) = Ylk P{Mi,j, M 2 , k) 
is unchanged, too (cf. Eqs.flSOD, ([51])). If one wants to see the correlations, 
the time evolution of the internal state of the system P x + P 2 + Mi + M 2 
is needed. But then the quantum reference system is Pi + P 2 + Mi + M 2 . 
One can see here explicitly the role of the fact that the internal state of 
Pi + P 2 + Mi + M 2 usually cannot be reconstructed if the internal state of 
Pi + Mi and that of P 2 + M 2 are given. When the measurements by Mi and 
M 2 have been previously performed, the internal state of Pi + P 2 + Mi + M 2 
is 

|'0Pi+P 2 +M 1 +M 2 >= I^Pi+Mx > \^P 2 +M 2 > ■ (83) 

In the absence of the extra measurements, however, it is 

\lpP 1+ P 2 +M 1+ M 2 >=J2 C i\ ( l ) Pi+Mi,j > |0P 2 +M 2 J >7^ I^Pi+Mx > |^P 2 +M 2 > -(84) 
j 

This difference is responsible for the violation of Bell's inequality, while all 
the interactions take place locally. 

Summarizing, we have seen that the initial internal state of Pi (P 2 ) deter- 
mines the first (second) measurement process, therefore, these states 'carry' 
the initial correlations and 'transfer' them to the measuring devices. As 
the measurement processes do not influence each other, the observed cor- 
relations may stem only from the 'common past' of the particles. On the 
other hand, any attempt to compare the initial internal states of Pi and P 2 
with the results of both measurements changes the correlations, thus a joint 
probability for the simultaneous existence of these states cannot be defined. 
This means that the reason for the violation of Bell's inequality is that the 
usual derivations always assume that the states (or 'stable properties') which 
carry the initial correlations can be freely compared with the results of the 
measurements. This comparability is usually thought to be a consequence 
of realism. According to the present theory, the above assumption goes be- 
yond the requirements of realism and proves to be wrong, because each of 
the states \i^p 1+ m 1 >, \ipp 2 +M 2 >, \i > M 1 > and \ipM 2 > exists individually, but 
they cannot be compared without changing the correlations. 
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8 Conclusion 



A new theoretical framework for nonrelativistic quantum mechanics has been 
presented. It coincides with the usual one (especially, Schrodinger's equation 
is not modified), except for the postulates concerning the measurement. In- 
stead of these latter, a dependence of the states on quantum reference systems 
(they are themselves physical systems) is postulated. The relations among 
the different kinds of states have been consistently postulated allowing one 
to recover all the usual predictions concerning the experiments and also to 
resolve the well known old paradoxes (Schrodinger's cat paradox and the 
EPR paradox). It has also been shown that despite of the violation of Bell's 
inequality correlations between separated systems can always be attributed 
to a previous interaction ('common past'), i.e., quantum mechanics is a local 
theory. An important feature of the present approach is that measurements 
and macroscopic systems do not play a privileged role. Measurements are 
considered as usual interactions corresponding to some special Hamiltoni- 
ans. An a priori classical background is also absent. In principle this ren- 
ders possible to check the validity of the present approach, as the observed 
macroscopic properties, first of all, the localization of the internal states of 
macroscopic bodies in both coordinate and momentum space should follow 
from the theory when using realistic assumptions concerning the relevant 
energies, structure and interactions. Demonstrating this would be a convinc- 
ing argument in favour of the present approach. (Note that it would also 
demonstrate that classical mechanics can be derived from quantum mechan- 
ics.) The solution of this question needs, however, a lot of further work and 
is beyond the scope of the present paper. 

Summarizing, the achievements of the theory are the following: 

i, it gives a foundation of quantum mechanics independently of classical 
physics 

ii, it is free from inconsistencies 

iii, it gives in principle concrete and well defined predictions concerning the 
possible results of a measurement and their probabilities, provided the initial 
quantum state of the measuring device and the measured object is given. 

iv, it resolves the famous paradoxes (Schrodinger's cat and EPR), and 

v, explains why the violation of Bell's inequality does not imply nonlocality. 
Let us consider now the question how the the dependence on the usual 

coordinate frames enters the present formalism, or, more generally, how the 



43 



canonical transformations appear. To this end, let us remark first that we 
considered all the time nonrelativistic quantum mechanics, and therefore all 
the physical systems has been assumed to consist of a given number of parti- 
cles which never decay. Let us perform some unitary transformations in the 
Hilbert spaces of all the particles. It is easy to see that the whole formalism 
presented in Section 3 is covariant with respect to these transformations, i.e, 
the same relations hold among the transformed quantities as have previously 
held among the untransformed ones. (Note that the Hamiltonian will not be 
invariant in general, unless in the special case of symmetry transformations.) 
The reason is that the operations occuring in the Postulates (i.e., the trace 
operation and the calculation of eigenvalues and eigenvectors of density ma- 
trices) are themselves covariant. Hence the present approach has the same 
covariance properties with respect to unitary transformations as traditional 
quantum mechanics. 

As for the link to traditional coordinate systems let us consider some 
group of geometric symmetry (e.g. the rotation group) and a multitude of 
isolated systems Ij which will play the role of coordinate systems. Suppose 
that each Ij has a distinguished subspace in its Hilbert space such a way that 
each state can be transformed by the application of a suitable group element 
into a state lying in this subspace, while any state in the subspace leaves the 
subspace under the application of any group element. The state of Q with 
respect to the quantum reference system Q + Ij coincides with the internal 
state of Q, as Ij is isolated. This state, however, may be still transformed 
by any element of the symmetry group to get an equivalent description. Let 
us choose that group element which transfers the internal state of Ij into 
its distinguished subspace. The state of Q we get this way is what one can 
call the description of the quantum system Q with respect to the coordinate 
system Ij. 

Finally, let us emphasize, that according to the present theory, there is 
no collapse of the wave function, there are no parallel worlds, no nonlocal 
interactions, no corrections contributing to Schrodinger's equation if it is 
applied to macroscopic systems, and gravity has nothing to do with quantum 
measurements. There is, however, a new principle, the dependence of the 
states on quantum reference systems, which removes inconsistencies from 
quantum mechanics and which might serve as a guide if one wants to establish 

16 As is well known, such groups have unitary representations in Hilbert spaces. 
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quantum theory in a new field. 
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A Proof of Proposition 1 



Let us expand \ipA+B > (cf. Eq.(p24|)) in terms of the possible internal states 
\4>B,j >• (It is possible, as these latter constitute a complete orthonormed 
set of states. ) We get 

\^A+B >=J2 d j\Q > \<f>B,j > , (85) 



where \Q >-s are normed states in the Hilbert space of A, and dj-s are 
appropriate coefficients. We prove that the \Q >-s coincide with the possible 



internal states \4>A,j >■ Indeed, calculating pg(A + B) (by using Eq.(p5|) and 
Postulate 4) one obtains 

Pb(A + B) 

= EE4^ < GIC* > \<f>B,k >< M, (86) 

3 k 
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which must coincide with J2j \4>B,j > < 4>B,j\ (here \j stands for the j-th 
eigenvalue of Pb(A + £>)), cf. Definition 3. Therefore, we get 

<C j \(k>=S hk , (87) 

and \dj\ 2 = Xj. Calculating now pa(A + B) we get 

PA (A + B)=J2\Q>\d,\ 2 <Cj\ , (88) 



which, in view of Eq.(|87D shows that \4>A,j >= \Cj >■ 

As a final remark, suppose that |£j > and \xj > are arbitrary orthonormed 
set of states in the Hilbert space of A and of B, respectively, then expanding 
Eq.fl24l) on the basis |6 > \x m > (l,m= 1, 2, 3, ...) one gets 

ll,rn = C j a j,lPj,m ■ (89) 
3 

Here7 /jm = (< 61 < Xml) \^a+b >, a jfl =< £i\<f>A,j >, and/3 i/m =< Xm\<f>B,j > 
The two latter matrices are obviously unitary ones. If I and m is restricted 



to be smaller than some iV >> 1, then Eq.([89D is the well known singular 



value decomposition^^ of the general complex matrix 7^. 



B Correspondence between the Copenhagen 
interpretation and the present approach 

In a special case (cf. the discussion following Eq.(^) it has already been 
shown that the state one obtains when using the idea of the collapse of the 
wave function corresponds in the present approach to the situation when the 
reference system is chosen to be the complementer system of the measuring 
device. We derive here this result in more general terms. Suppose that we are 
given a microscopic system Q and a measuring device M. They are initially 
separated and the compound system Q + M is isolated all the time. One 
can see that we are still using an idealized model, although it is well known 
that quantum states of macroscopic systems are extremely sensitive (due 
to their enormous level density), thus they cannot be practically isolated. 
For a correct description one should include in M a large neighbourhood of 
the measuring device - this, however, does not modify our conclusion. The 
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reason is that the result of the measurement is a rather robust property, not 
sharing the sensitivity of the corresponding quantum state. This is why our 
idealization is acceptable. 

Suppose that the measurement on a subsystem S of Q has been per- 
formed. Denoting by \£g t j > the eigenstates of the measured quantity, the 
change of the state of the whole system Q + M can be expressed as 

\ m o >J2 c Ms,j > \XQ\sj > 
j 

-> E c iK > I6sj > \Xq\sj >, (90) 
j 

where \rrij > refers to the possible internal states of the measuring device 
(this follows from the orthogonality of the states \£s,j >, cf. Proposition 1), 
while Cj\xQ\s,j >~ s are ( n °t necessarily orthogonal) 'coefficient states' arising 
when expanding the initial internal state of Q in terms of the states \£sj >■ 
The Copenhagen interpretation tells us that due to the collapse of the wave 
function only one of the terms of the sum in Eq.(PD|) survives, implying that 
the states of M, Q, S, and Q \ S are \rrij >, \£s,j > \Xq\sj >, \Cs,j >> an d 
\Xq\sj >j respectively. According to the present interpretation, the possible 
internal states of Q are just the |£sy > \xq\sj >~ s (due to the orthogonality 
of the states \rrij >), thus, if the j-th possible result has been observed, the 
states |£sy > \xq\sj >> \Hs,j >, and \xq\sj > may be identified with p Q (Q), 
Ps(Q) an d Pq\s(Q), respectively. Note that all the latter states are dyads. 
In conclusion, we have seen that the states obtained using the concept of the 
collapse of the wave function correspond in the present approach to a specific 
choice of the reference system, namely, when the reference system is the whole 
quantum system Q, whose subsystem is subject to the measurement. 

References 

[1] P.Ehrenfest, Z.Phys. 45 (1927) 455. 

[2] as a recent review see M.C.Gutzwiller Chaos in Classical and Quantum 
Mechanics (Springer, New York, 1990). 

[3] see e.g. A. J.Lichtenberg and M.A.Lieberman, Regular and Stochastic 
Motion (Springer, New York, 1981) p. 262. 



47 



[4] J. von Neumann, Mathematische Grundlagen der Quantenmechanik 
(Springer, Berlin, 1932). 

[5] J.S.Bell, Physics 1 (1964) 195, reprinted in Proc. of Int. School of 
Physics "Enrico Fermi", Course \9 ed.: B.d'Espagnat, (Academic 
Press, New York, 1974). 

[6] D.Bohm, Phys.Rev. 85 (1952) 166. 

[7] E.Schrodinger, Naturwissenschaften 23 No.48, (1935) 52. 

[8] E.P.Wigner, Symmetries and Reflections (Indiana University Press, 
Bloomington, Ind.,1967) pp.162-163. 

[9] H.Everett Rev.Mod.Phys. 29 (1957) 454. 

[10] H.D.Zeh, Found.Phys. 1 (1971) 69, E.Joos and H.D.Zeh Z.Phys.B 59 
(1985) 223, D.Giuliani, E.Joos, CKiefer, J.Kupsch, I.-O.Stamatescu 
and H.D.Zeh, Decoherence and the Appearence of a Classical World, 
(Springer, 1995). 

[11] D.Dieks, Found.Phys. 19 (1989) 1395, Phys.Rev.A 49 (1994) 2290 and 
references therein, Phys.Lett. A 197 (1995) 367. 

[12] E.Schmidt, Math. Annalen . 63 (1907) 433, A.C.Zaanen, Linear Anal- 
ysis (North Holland, Amsterdam, 1960) pp. 432-440. 

[13] O.Kiibler and H.D.Zeh, Ann.Phys. (NY) 76 (1973) 405. 

[14] A.Albrecht, Phys.Rev. D 48 (1993) 3768. 

[15] W.H.Zurek, Phys.Rev. D 24 (1981) 1516, D 26 (1982) 1862, E.Joos 
and H.D.Zeh Z.Phys.B 59 (1985) 223, A.O.Caldeira and A.J.Leggett, 
Phys.Rev A 31 (1985) 1059, W.G.Unruh and W.H.Zurek, Phys.Rev. 
D 40 (1989) 1071, W.H.Zurek, Prog.Theor.Phys. 89 (1993) 281, 
W.H.Zurek and J.P.Paz, Phys.Rev.Lett. 72 (1994) 2508. 

[16] L.D. Landau and E.M.Lifshitz Quantum mechanics 

[Course on theoretical physics, Vol.3] (Pergamon Press, New York, 1965) 
pp.21-24. 



48 



[17] A.Einstein, B.Podolsky, and N.Rosen, Phys.Rev. 47 (1935) 777. 
[18] Ref.[8] p. 166. 

[19] A.Aspect, P.Grangier, and G.Roger, Phys.Rev.Lett. 49 (1982) 91, 
A.Aspect, J.Dalibard, and G.Roger, Phys.Rev.Lett. 49 (1982) 1804. 

[20] B. d'Espagnat, J.Stat.Phys. 56 (1989) 747. 

[21] Ref.[8] p.189. 

[22] Ref.[15] pp.38-41. 

[23] Ref.[8] pp.171-184. 

[24] V.B.Braginsky and F.Y.Khalili, Quantum Measurement, ed. 
K.S.Thorne, (Cambridge University Press, 1992) pp. 50-60. 

[25] D.Bohm, Quantum Theory (Prentice-Hall, Englewood Cliffs, N.Y., 
1951), ch.22, sections 15-19. 

[26] B. d'Espagnat, Sci.Am. 241 (1979) 128. 



49 



